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SV - SOLVE ROUTINE

ThTs ruuﬂna Is a slmplﬂ ru'rl' snlvlng progrurri whlc.h
wi!l approximate a solutlon to an equation of the
form: f{x)=0 using the Secant Method (a simplifled
form of Newton's Method). will find only one
root at a time., _
and an Initial step size. The output is an x value
which most closely makes f(x)=0. A fiag may be set to
display the successive approximations as they- canunrga
to the final answer. Convergence depends on the:
inltial guass. Hccurnc'f depunds on: 'I'ha dlSp!El‘f
55H'|ng g .

Ej-:zlnpla .1:'-'
quadratic equation. x° + 2%x - 15 ='0. -

1. ]I'ISI.IFB a minlmum SIIE DH]. e Ty :
2. Select a display setting of SCI ‘.i.ﬂ The ‘routine
will end when two successlive approximations are

rounded and found 'l'u be aqual accurdTng ‘I‘u “+the dlsﬁluv B

setting.

5. Set ftlag F10 to vT&r 1'hu succasﬁlw ﬂpprmtma‘l‘lans ;.

4. The tunction on the l&ft side of the equation must
be programmed as a subrouwtine. The imput fo this
subroutine, nemely x; Is assumed to be in the = =
X=-reglister ‘and can -be recalled from RO7. The nqupqu
from this subroutine; namely f(x), ‘1s also to be lett
- In the X=-register. For this examp e the fnllnuing
rﬂuﬂnu muy be prngrm:l In RAM progrun mam:-rw,r. coe e

014181 "inﬂ
o2 xtz
03 LASTX
04.2°

LR
0715
ﬂa -r.. .
09 RN

5. The name of the glnbﬂl tabnl MEXT® should be sﬂnd
in RO6. Go Into alpha‘mode and key "FX1" ASTO 06.
8. The Initlal guess (nonzero) Is +o be ﬂn‘fnrﬁd ulmg
~ with an Initial step size which may bé zero or may be -
a. small namber cmparad tox. If @0 step size is
entered then the program will cuT:ula'h the first step
as 1% of. the Intlal guess x. The’ program wil| also
~ accept a non-zéro value as the intlal sfup slze., For.
- most appllcations and for this examp |6 use 0 es the

" InTtlal step slze. Chocse x=7. as the .inltial guess .
for x. Key 0 ENTERY 7 .
7. XEQ " ﬁ ‘The following tansecuﬂvu -
upprmﬂma'l'luns H'Tll be dIspta'fad

'?.ﬂﬂﬂﬂﬂ+ﬂﬂ R
. 6.93000+00
3.986824+00
- .3.,30024+00
~.3.03190+00 |
5.00115+00 . .
3.00000400 - .

- The final snluﬂun s ra'l'urnad atter al:mu*f 8 seconds,
The true answer is exacfly x=3, Since the above

‘quadratic has fwo roots we will key Tn another InHIaI

guess to search for the other root.

This time we will guess x = =10, Key O ENTER} 10 CHS

and XEQ "E@". The following sequence of numbers
will be dispiayed.

416

The program requires an Initlal guess

Use - 1'0 find 1ha +ua rncrl'a cﬁ 'I-hn

| 1'} Sulac'l' dlsplu',r Ea'H'Ing

'-3} Specify display. E-p‘l‘lcrn.
-calculated apprmlmﬂans will be displayed,

: I terations.:
. routine since & may fall’to convergae if the Tnlﬂﬂl
-guess is too far .away from an actual root.
the values: stabllize they may oscillate and it is &

* program.
'rﬂ+urned.

“END instruction.
‘{ass characters and should be stored In R06.
‘Input x and the output f(x) are both assumed to be in
the X-reg
“RD7.
of program memory, It is advisable to place f(x) near

-+ 6) Specify
- requires two input values.
.-step slze which the program uses to detarmine the
- approximation for the derlvative at the Inltlal guess.

-1.00000401 .
~9,90000+00 © .-
-6.36872400 @
~5.47003400
-5.06539+00
-5.00360+00

" =5.00003+00

..;-5 00000+00

The 'I‘r*ua ansuar 'I'hls 'l'Ima 1s exm:ﬂ'f X = —5.

COMPLETE INSTRUCTIONS FOR

lHeybaard Dpera‘l‘ ! cmsl

Tﬁ CEHGIJ'EI'I‘-E a""'rﬂ_:::_::ff ﬁf fix)=0:

1) Sala-:‘l' S1ZE; The minfmum size required by is
51ZE 010. . The storage requlirements for constants and
coefflcients assoclafed with the funcﬂnn Hx} may
digtate a Iargur 5!1&.

-The display setting will
general |y deterniine when @ ends, I1f an exact
solution s found then  [EEB will end on the next
Iteration, otherwise EED rounds the last two

. approximations and ends If those rounded values are

equal. |In general, a display setting of SCI n will

- produce (optimistically) a solutlon correctly rounded

to: n+l significant figures. A display mode of SCI or
.EHG Is ganerul Ly prafurrad to a FI1X mode. :

Flag 10 cnn'l'rnls a display
option. If F10 is set than the successively -

In this
manner the user may view the progress of the

This Is especlially recommended In the
Even when

simple matter for the user to manually stop the
“If F10 is cluar only the Hm:l x-?ﬂluu is

4) Program the function f{x)=0. The function f(x)
represented by one slde of the equation must be
programmed as a subroutine in program memory which
starts with a global label name and ends with a RTN or
The label name should be of sIx or
The

ister. The Input x may also be recalled from

Sinca global labe! search begins from the bottom

the bottom of program memory. The f{x) program should

" not use reglsters R06-R0O9 and should not disturb flag
- F10. | -

.'5} Store the global label name from step 4) (six or
- lgss characters}) in RO6.

The functlon subrcutine
call will be made via an XEQ IND 06 Instruction.

Initlal step size and Initial guess.
The flrst Input is the

The second input Is the Initlal guess and Is used as
+he starting x value by tha program. The closer the
nitlal guess Is to the true solution the quicker the
soluflon Is found. Do not use 0 as an Initlal guess.
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7. XEQ "IE". 1f F10 Is

If zero is entered as the inItial step slze then the
program wiil| automatically calculate 1% of x as the
acutal step size, A zero stsp slze should prove . -
adequate for the majority of applications. However,
The user may enter a non-zero step &ize which may be

flner or coarser than 1% of +he Initial x.
These two values are keyed in as:
step size ENTER+ quess
5hf;fha_pfugram will display
, tThe consecutive approximations, 1f a printer Is
plugged In and turned on these appraximations wili be

printed. The final solution will be Jeft In the - .
X-register when the program ends.:

MORE EXAMPLES OF B

Example 2;: Solve f(x) = x3 -'x.- | = _Ij.--._.

1) SIZE O1C minTmum
2) Set display mode as SC| 6.
3) Set flag F10 +o view the approximations.
4) Key the following routine for.f(x) into program
memory : | |

LBL*FX2. -

ENTER}

X2

]

‘RTN

3) Key "FX2" jn +the alpha register and press ASTO 06.
6) Key In the inltial step size as 0 and key in the
initlal guess as x=4, Key 0O ENTER} 4. - e

7) XEQ " gm. ' ; ‘
The following sequence of approximations wil| be
displayed:

4.000000+00
3.950000+00
2,731772400
2.226515+00 -
1.780222+00 ~ =~ - S
1.522190+00 | |
1.382556+400
1.333776400
1.325185+00
- 1.324722400
1.324718+00

The flnal solution is refturned after about 13 seconds.
The solution [s .correct to the digits displayed. .

Example 3: Solve fi{x)} = x> - 3*32 + 4 =-q.

1) SIZE 010 minimum
2) Set display mode as SCI 4,

3) Set flag F10 to view the approximations. .
4) Key the following routine for -f(x) Into program
memory : - BERU
LBL*¥FX3
x}2
LAST X
>
*
4
+
RIN
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2) Key "FX3" In the alpha reglster and ASTO 06.
B) Kay In an Inl+lal s+qp_?[zﬁ of 0 and an initial
guess of =2, Key O ENTERT 2 CHS

7) XE "Em. L

The following approxImations will ke displayed: -

-2,0000+00
-1.9800+00
-1.3283+00
-1.12894+00
=1.0229+00
-1.0018+00
=1.0000+00

The final answer Is returned after about 8 seconds.
The true solution Is exactly x = -1,

The following examples contain abbrevlated
Instructions. ' .

Example 4: The followlng equation Is known as Kepler's
equations Z

X = E*SIN(x) = m = 0

and plays an Important role in astronomy and
astrodynamics (space travel). 1t can be programmed as
follows: :

LBL*FX 4
ENTER} -
SIN

RCL 01 “(Note: RO1=E)
¥ .

RCL 02

RTN
Set RADIANS angle mode.
solved for any values of

{'Ha-l*a'-: HﬁE‘—-mJ

The equation can now be
E {RO1) and m (R0O2). When

E=0.2 and m=0.8 the functlon has only ohe root

(9.64334~01) which

can be found with any Inl+tial
guess. -

Example 5: [ can be used: to find maxima and minima
of a functlon by solving for zeros of Its derlvative.
For example, 1f +(x) = sin(x)/x then the

derivative f'(x) = [x*cos(x) - slntx}]fxz

Zeros of f' occur where the. numerator Is 0.
Consequent !y, solutions can be found by applying £
to the following function which represents the
numerator gix) = X*cos{x) = sin(x) |

L BL*GX 5
ENTER}
cos
¥

RCL 07
- SIN

RTN

Assuming SC! 6 display mode and RADIANS -angle mode.
Store "gX5"- in RO6. Key. in small ‘inltlal. guesses
using a step size of 0 and B will find the first
few roots.as 0, +4,49341400, #7.72525+00. . {Note that
Instead .of. taking the derlvative algebralcally, the
ROM routine IfEmight be used), .
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Continuting this same example for ancther root:
Initial step slze =0 = o
Inftlal guess = ~10

Sea:

L

- =9.,900000+00

. =7.959395+00
~7.155530+00
~6.438967+00
-6.086301+00 .
=5.945260+H00
=3. 917701400
-5.915863+00

- -5,915842400

Result: -5.915842400 after sbout 14 seconds .

FURTHER DISCUSSION OF |

& s not a sophisticated root salver and is subjact

Yo all the difficulties and error traps that confront

all other root solvers. Limited space In the  HEEH .
GEX] did not allow protection schemes to detect or .
rectity possible trouble areas. The method used, .
strictly speaking, is the Secant Method, however, It
can be consldered a form of Newton's Method where a
numer ical approximation s used for the derlivative. A
secant ilne Is used to appraximate the trua tangent
line. |f falls to converge then .another Initial
guess must be tried. ¢an be effective as a -
subroutine in a program provided the user has L
knowladge of the range of appropriate values for the
given function., ' |

The display se¢TIng'iI[I he!p control the accuracy of
the final result. When In SC| n display mode the

. final answer will {usually) be accurate to n+l

significant digits. However, sometIimes this is not
the case and the final answer will not be as accurate
as the display setting would Indicate., Every fiocating
point operation In a computational process can glive
rise to rounding error which, once generated, may then
be Increased In subsaquent operations. |

For example, let fix) = :l-l:2 - ﬁ*x"l; 9° and use _.‘h::
solve for f(x)=0., In FIX 9 the answer [EM] returns

- may be 3.000030072 which is accurate to five digits

only. The true solution Is a double root at x=3.

Thus the display setting has not determined the
accuracy In this example. Thls is baslcally caused by
using only ten diglts internally In the cafculator,
causIng each and every calculation to have 1ts
solution rounded to ten digits. The root solver .
Itself cannot then be held to ransom when the fix) -
routine Is affected by rounding errors. o

This example highlights the actlon of when the
secant |ine is horlzontal, that is, when fla)=f(b)
where a and b are successlive approximations. Thls
sltuation may occur at multiple roots where the flrst
derivative shares a root with the original function, .
(When the first derivetive e zero the tfangent line Is
horizontal). In general, do not select a display n
value any larger than necessary. The use of SCI or
ENS display modes are generally preferred to the FIX
display mode. And do not bliIndly accept any solutlon
glven by this or any other root-solving program. Any

potential real solution can be val idated by applying
the f(x)} subroutine to see how close f(x) really Is to

ﬂ'
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- really belng evaluated).

Because the HP-34C calculator's SOLVE routine uses &
similar method as EM (with many reflnements), users
are urged to study Reference 5. ' In that Informative
article some of the problems of root solving and a
description of the mathematics of the secant method
are discussed. Reference 1 provides a broad
background to the subject. Further Information may be
found In most university and college |Tbrarles.

THE SELECTION OF A METHOD FOR 3

The oldest know method of root-solving 1s the Method
~of False Position, or Regula Falsi. Commencing with
two estimates, lying on either side of the actual
root, Inverse |lnear Interpolation [s applied to
produce a new estimate, Here, a |Inear function (a
straight line} Is used to approximate the true
function f{x) over the Interval of Interest. ThHls can
be seen to be "reasonable™ approximation so long as
the Interval Is "small". As the two astimates must
always straddle or bracket the root, convergence Is
always guaranteed. Of course, after calculating the
new estimate, a declislon has to be made as to which
previous estimate [s to be discarded.

The Method of False Posi+lon hﬁﬁ a unlty ﬁfdnr of
convergence, making the !teration time reasonably
long.  However, the solution Is always obtalned.

A method similar to False Poslition. is. the Secant
Method. Although the mathematics of the two methods
are |dentical, the difference lles In the fact that
the Secant Method uses the approximations in strict
sequence. Thus, the bracketing of the root 1s no
longer necessary, and 2 secant. s used to approximate
the functlon #{x) over the interval of interest,
Then, Inverse |Inear Interpolation is applied to
produce the next estimete of the root. The Secant
Method's order of convergence Is approximately 1,62,

~which Is higher than the Method of False Position, but

convergence to the root is no longer gquaranteed.

Both the Method of False Position and the Secant
Method are In the class of two~point iterative
methods, which, while the order of convergence is not
high, nevertheless have high stabliity.

Another popular method derlved fram calculus using a
‘Taylor Series .is commonly known as the Newton-Raphson,
or' Newton's Method. . In this method a tangent i1lne +o
the function Is used to determine the direction and
amount of displacement to move from the current
estimate to the new ostimate. Newton's Methcd belongs
to the class of one-point [terative methods, WNewton's
Method Is the official and famillar name of tangent

:Ildlng philosophy, and has an order of convergence of

The mercurTal propertles of Naewton's Method arlse from
its use of derivative information gathered at one
point. Both the function and its derivative must be
evaluated &t each Tteration. (Thls also resuits In a
greater programming effort for two functions are

The time for an iteratlion Is
longer than the False Position and Secant Methods,
which both require only one function evaluatlon per
Iteration. However, the convergence rate of Newton's
Method is greater than both. o |
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Example 6 Use to find all three roocts of the.
cublc equation: . ___'2 | . '
x®¥{x"=1} = 0 .

The following should be prcgrwd.:_,.,

LBL*FX6
ENTER]
xt2

1
x
RTN

A sketch of the graph of this function il[l prove
useful In understanding how the Inital guesses
determine which root I[s found. ' "

3 4 y-agis

4

1=+

Max {_U'SB; 0-331

=3 T

GRAPE OF ¥ = Xo= X = X(X°— 1) = X{X+1) (x-1)

The Inltial step size is O for each of the guesses
suggested below. An Initlal guess greater than 0.6
for this example will find the'root x=1.0, while a
guess between —0.49 and +0.49 will find the root at
x=0.0, However, guesses too close to the local peaks
of the functlion at x=t\/N3 , where the slope of the
tangent 11ne s .zero, lead to bscillations that fail
to converge, Try an Initial guess of x=0.38 to
observe this behavior. This example also llustrates
+hat the root found 1s not necessarlly the one nearest
to the Initlal guess. .
x = =1.0,

418

Example 73  #{x)

Display mode:
“Inltial step
‘Initial guess
See: |

SCH6
size = 0
=3

3.000000+00

2.970000+00- .

1 .998929+00
1.902018+00
1.888327+00 .

= x*LH{xl;e 1,2 =0

. 1.888087+00 .
Result: 1.888087 after about 8 seconds

Example 8:

Display mode:

SCl 6

bUse RADIANS angle mode

Initial step

slze = 0

Inltlal guess = 2

Seeq

Result: 6.071016-01

Example 9: f(x) = x

Try x=0.52 which finds the root

f{x) = 3% .- COS(x) =1 =10

2.000000+00
- '1.980000400

6.159990-01

6.078243-01

6.071024-01
6.071016-01

2

Display mode: SCl 6
Useé RADIANS angle mode

Initlal step

sizea =0 .

Initial guaess = -4

See:

-4,000000+00

after about 10 seconds

+ 4%SIN(x) .= 0

=3.960000+00 -

~2.210789+00
=2.037220+00

 1.946227400

- =1.925754+00

~1.934406+00

-1.933758+00 -

Result: -1.9533754 after about 12 seconds

Display mode
Inltlal step

: SCI 6
slza = 0

Initlal guess = 5

See:

5.000000+00

4.950000+00
4.310588+00
4.077156+00
3.927333H00

Example 10: £(x) = x° = 26x°

"+ 49% = 25 =20

3.883035+00

3.876065+00
3.875777+00
3.875775+00

Result: 3.875775 after about 14 seconds
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Compar | son nf_Ha+hnd5

A. Method of Faisa Pnélflﬁn;l S
Advan+agﬂs.
. Convergence Is guaranfead

2 Only .one. fun flnn avaluaf | .":“
at e‘;ch 'I'nr‘_:':l‘ lon is noedad: 3

- Disadvantages: -
1. Low {unity) order of cnnvargance.
2. A declision 1s needed as to which estimate to.
discard to Insure root-bracketing occurs.
3. The root-bracketing requirement prevents its
use at multiple, -even—order roots.

B, The Secant Method. ..
Advantages:
1. Medium (approx. 1.62]} order of convergence,
2. Estimates are used In strict sequence, S0 no -
-decision Is naadad Oon uhich nsflmuTB +a
- discard. )
3. Only cne func+1nn ﬂvaluaflnn 15 naadnd HT
- aach ‘1teration.- -
4, Can be very. 5fabla._'
Disadvantages: '
1. Convergence Is not aFuays guuran+aad -
- 2. May have dlfficulfy uf mulflple evun-urdar
' roots.

. C. Newton's thhﬂﬂ.-
Advantages: | .
1. High (2.0) order of cnnverganca.
Dlsadvanfagas-' '
1. Convergence Is not nlwa?ﬁ guaran+aad
2. Both the function and its derlvative musf be-
evaluated at each Tteratlion, -hT:h Increases
the time per iterafion. :
3, The derivative must be known axplfclfly.u
4. Can be very unstable,
5. Has difflculty at multiple, Bvan-ardar rnnfs,
where the function and its first darlvu+lwe _
bufh have the ‘same rnuf .

5ummurf

From 1ha ahnvu cumpﬂr!snn, +he Secun+ Hu+hud was
cons|dered - to be the optimum algorithm, and was |
selected for EEl . !t combines a reascnable rate of
convergence, a (usuvally) stable two-point sTep, uses
the calculated approximations In strict sequence, anﬂ

does not require evaluation of the derlva#lva, .
dispensing with the need to provide the dnrlvaﬂva

expllcitly.

SUL?IHG DIFFIBULTIES - A PRIHER '

- One of- Tha most frequenfly occuring- prﬂhlams In
‘sclentltlc work Is to flnd the values of x for an
expression f(x) which will make f(x)=0.. Those values
of x are called the roots of the nquafinn flx)=0,
function may be glven explicitly as, for example, a
polynomlal, or as a transcendenial function. In rare
caes It may be possible to obtaln the exact roois by
algebralc manlpulations. In general, however, we can
hope fo obtaln only approximations to the roots. .
relylng on some [terative cumpufaflﬂnal prncudura fn
produce those appruurmuflnns. _ ey

In the year 1225 Leonardo cf Plsa sfud[ad fhn
aquation: .

'3 . 2

CHx) = % + 26+ 10%c - 20

and was able to produce the root.of 1.368808107,

420

‘The

1nvoked?

Nobody knows by what method Leonardo fuund this
valua, but [+ was a remarkab]e achievement fnr his.
+ime. .

Slmply put, all we require are those values of x which
will make f(x)=0. I+ should be easy, so why all the
fuss? The basic difflculty stems from the fact that
our root solving methods tend only to use the function
expression to numerical ly evaluate fi{x) and have no
analytical knowledge of t+he functlon. It they dlid,
better starting guesses and better exit criteria cnuld
he selected. More Importantly, the: best root solving

' method to use for a parflcu]ar func+iun could be

EEIEE1Ed-

Easy though root solving may seem, and when coupled
with one of the popular methods, e.g., Newton's
Method, Secant Method, Bisection Method, I+ may come
as a surprise to know that the search for the perfect
root solver Is no less dlfflcult than the search for
the Holy Graill For every root finding method put
forward, a situation can be provided which will cause
the method $o fall and deny us the solution..

What can be done? . A root solver Is simply a
computational process which uses known facts {dufa} to
calcuiate 'z better approximation +o the root. - The
basic difference among root solving methods is the way

In which the known facts ura usad +u culculufe fha
Inprn?ad ESTImufu._” )

1f we know slfuaflnns that cause our root solver Yo
fall to find the roct, we can provide assistance by
enhdncing the basic method with strategles: to detect
Thnsn'prﬂblem'slfuatlﬁns'End'allui an escape from -
them. How munv difficulties may confront a root
solver? How many siretegles do we design Tnto 12
One, five or one hundred? |f we limit our root solver

~to solve only a speclflc class of problems we may be

able fo implement some strategiés to overcome the
typical problems encountered by that class.

Sfurflng Faluas'

All root solvers rﬂqulra sfurflng valuas whether they
be entered manually as in or use some set of
values, e.d., 1 and 10. |f Thu starting value Is not
"close" to the root, our selected method may step away
from the rcot, making the problem worse.

Therefore the accuracy of the starting values
{guussasl ‘can be seen to be as Important as the
selected root’ sniﬂng method and its Inbullt
strategles. Do we have stratsgies for determining an
apprnulmaflnn o the rnuf we seek? In some cases the
answer Is yaﬁ.h ' '

Exlf_ﬂrlfprlaf,ﬂ

When the root solver has located a root, It exits the
iteration process, glives us the answer und stops. How
doas the root solver know when It really has found a
root? " Our inbuilt exit criterta must apply certain
tests to the known facts and assess 1f a root has been
found, ﬂgﬁln, ‘situations can be provided to fool the
exlt Tasfs, and cause executlon to stop when rﬂully no
rua+ has hnnn found tl.n., nﬂ rnnf exists).

Should we have'several exlt tests bullt into the
program? ‘Undér what condittons should each be
If unlr the answers were. simple!

Numerical rnsfﬂhllliy und-rﬁund off errors.

Some root solvers can exhlbit instabllIty in certain
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condtTons.

ex|st for any one root solver? How do we overcome
these problems?  As all fluaflng point calculations .

are rounded to ten digits by the calculator a further

dlfflculfy arises due fhe prapmgnflnn nf these errors.} fhen

Because of the enormcus dl*ftculfles which may

confront a root soiving process, has been m.‘IH'Bn:

as an elementary routine, with no ruflnumnnfs or
strategles included, . It Is left to the user to

provide such strategies, by observing the behavlar of

the approximations, and takling action should’
divergence occur. . A little experience with particular

~problems will provide guldanca.
consult Hﬂfernnca 5.

FORMULAS USED IN

Ltet #(x) be the func+lan whose root xr we daslre.

T+1 ﬂnd__:u:I are the two previous appruu!mﬂf[qns.

* Y—-axis

_Ptxi'. E(x;))

secant line

GRAPH OF GENERAL FUNCTION WITH SECANT
LINE SHOWING APPROXIMATION X,

POLLOWING X; AND X, , 142

The slope of the secant ITna +hrough points P

and @ Is
glven by: ,

I:fh{ ]' - fix ]']/I:MT+<| |:|
Letting dx'+|_ Xi41 — X; we have as.the aqua#lnn of .
the secant line through points P and Q:
? - f{xI'l'Tj -

(Cfix, ) - tx ) J/dx;  I*x = x;40)
Hence,
(1 X142 = Xp41 ¥ Xy
‘where
{2) {d11+1} f{xi+|]
de+2 = .
ftxii f{xl+ll
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Do we know how many of fhesﬁ'unndrffnnﬁ'*

Readers are urged to -

gecant line

The InTTIHI valua X 18 Tnpuf by the user snd dx,
_Is usuallf fakan as a smull frac+lenal purf nf X9

For u:unpla, If we assuma flx

~17=0 and dx,=(.01xy)
Xy = (990, | o

D -

ExacufTun hu|+s when “I+2 nnd x|+1 ura ruundud

and fnund +to ha aqual. . P

' Ruut1ne Llsting Fnr
I H_- .
91eLBL C - _ © 188 ET# as
T2eLBL ‘5‘1' 189 ST~ 88
33510 87 118 RCL 89 oL
% I 141 ecLBS
B - D 112 =87
9% RIL 2 13 / _
. 9T - 114 576 89
98 XY LS w7
99 ST0 @9 116 5T+ 97
18@ CLST 117 WD _
191¢LBL ‘M4 . 1B RCLE |}
182 ROL'7 119 MWE- '
183 STO 98 128 HsY?
184 RCL B7 121 GTG 8
185 F52 .18 122 RCL &7
186 YIEN X 123 RTH
187 XE@ IND 86

LINE BY: LINE ANALYSIS OF 39
Lines 91-101 Inltlalize the program by storing the
inltlal guess K in RO7 and store the Inltial step

size In RO9, anu that [f the user has Input 0 as the
Int+lal step slze then lines 94 & 95 and | Ines 97 & 98

calculate and select the value ﬂ.ﬂ1*)tﬂl as the actual
sfap size.

Lines 101-121 are the maln loop In the program., At
LBL 04 X, Y, and T are assumed to be scratch and f{x )

Is -assumed 10 be In 2. The next approximation Is
calculated via formula (1) and is stored in RO7 (line
116). Next, the two most recent approximations are
rounded and tested for equality in |ine 120. -A-branch

is then made back to LHL 04 unless the rounded values
are equal. o .

Lines 122 & 123 recall the final solutlon and end the
routine.
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CONTRIBUTORS HISTORY. FOR

John Kennedy (918) wrote the EMl program for the
HP-41C from a previous HP-25 program, OGraeme Dennes
{(1757) and Richard Schwartz {2289) made suggestions
for Improvements In the accuracy and overall program
operation. Harry Bertucel |l (3994) suggested.register
usage to allow t+o be used with . Graeme
Dennes{1757) and lram Welnsteln (6051) cﬂn"l'ribu‘t‘ad to
+he ducunanfaﬂnn ::rll -

FINAL REMARKS EOR

needs Improvement In almost all areas. 3 is
only a basic routine designed to be used primarl Iy
from the keyboard where the user may watch the
mnuargancu (or lack fhﬂ‘nnﬂ and take action to halt
and make a new guess. lacks all of the .
snphlsﬂcaﬂcn of +he SOLVE funr:.'Hnn on the I-F-_'ndiC
calculator, .

FURTHER AssISTANCE oN (B
John Kennedy lﬂ‘t_ﬂl_" phone: (213) 4723110 evenings
Grasme Dennes (1757) phone (415) 592-2957 evenIngs

N NTES B

TECHNICAL DETAILS

XROM: 20, 10 SIZE: 010 minimum

I Stack Usage: - | Flag_ Usaga: “‘1
o T: used. | 04: not used
! 7: used | ~ }05: not used
A & "us_ﬂd_ .. S _flﬁ: not .'usad
|- - 3 Ki used | - 07: not used
% [t used o - | 08: not used
Alpha Register Usage: 0S: not used
5 M: not used . .- | 10: dIsplays successive
s N: not Hsad e ?ggr?zjzzlfunﬁ when
?» 0: not used N
l 3 P: ‘not used 25: not used
Other Status Reqgisters: Display Mode:
5- Q: not used I SC| n recommended
10 +: not used controls accuracy
11 a: not used Angular Mode:
12 b::hnf used not used, but may be
13 ¢: not used 1 required by function
13 d: not ﬁggd Unused Subroutine Leyels:
15 e: not used . 4
YREG: not used : Global Labels Called:
Data Registers: '. - | Direct ) Secondary —~
ROO: not used . . function - none ;
o o o ‘LBL In RO6 |
RD6: function LEL name
RO7: polnt x;
RDB:_f{xI} s I
RD9: dx,. v
R10: not used I B
R11: not used Local Labels In This |
R12: not used Routine:
C, 04
| |
Execution Time: variable, depends on function,
display setting, and Initlal guess. I
Peripherals Required: none {
Interruptible? .yes ther Comments:
Execute Anytime? no
Program File: |
o~
Bytes In RAM: 51
Registers To Copy: 45 . |
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1G - INTEGRATE

This routine uses the Romberg algorithm to calculate a
numerical approximatlion-of the definlte Integral of a

~ function. The routline ls [teretive In that _
increasingly accurate approximations are calculated
untl| two rounded consecutive approximatlions.are
equal. The routine is automatic In that no step-size
Information has to be provided. The desired accuracy

- of the final approximation 1s determined by the |
display setting. The consecutive approximations may
be viewed by setting a flag.

1. 2”
4/ (x~ + 1) .dx,

 Example 1: Use [N to approximate I
, - 0

to five signiflcant digits.

1. SIZE 030 minimum. -

2. Select a dlspluy setting of SCI- 4. . -

5. Set flag F10 to view the successlve upprameuf!ons

4, Key the integrand of the above [ntegral as a :
function In program memory starting with a global
label and ending with a RTN. Assume x Is in the X
reglster and ‘leave f(x)} In the X register. Key
In the following steps for this example.

01#LBL "FX1"
02 xtz

031

04 +

05 4

06 X<>Y

07 f S

08 RTN

5. Alphe-store the glnhul labe| name into rag!sfer .
R10, “
Key "FX1" ASTO 1D.

6. Enter 1? | imits of integration Into the STEEK as,

1.

0 ENTER
7. XEQ " 1=A".
The fol lowing sequence of numbers will be depln?idJ
' 3.2000+00 '
3.1405400
3.1413+00
3.1416400
3.1416H00

This example takes about 49 seconds t¢ run., The true

answer is p!, and the displayed result is accurate fo

five signlficant digits. ; Switching to FIX 9 we see

. the last value refurned is 3.141592651 but because
‘we were In SCI 4 mode we shuuld not expect more than 4

decimal places of accuracy. Dlsplaylng more dlg|+5 :
HII! :uusenfhafprpgpum o run [qngaf,: __ |

Calculate the same '[ntegrdl a second time but change
~to SCI 6 display mode. Since the function.subroutine .
and the global ‘tabe{ name in R10 are not changed, ' °
simply key 0Q ENTERF t :and XEQ Y IE"™ again. Thn
fulluwlng sequence of numburs will ha dlsplﬂ$ed

3,2000004+00 -
3,1 40264400
3141329400
. 3.141598+00
3.141593+00
3.,141593+00

220

7 Exa-r:ufu = program.

-wlll be printed.

The last va!ﬂails rafurnud.uffar abnuf £9 5acnnds.

COMPLETE INSTRUCTIONS FOR lB

{Kaybnﬂrd Uparafinn]

.-I-"__""w-,.

To calculufﬁ i[ flx)dx

1) Select SIZE. SIZE 030 Is the recommended minimum.
A few Integrals may require a larger size. :

2) Set display mode. The display setting will control
+he accuracy of the final approximation. In general,

a display mote of SCI n will return a value correctly

rounded to n+t significant digits. Larger values of n
will cause the program to run longer so It Is best to

select the minimum vajue of n that Is acceptable. The
use of SCl or ENG display modes are genarally

.”preferﬂbla to Thﬂ F1X mode.

3) Snlecf dIsplny view npflnn. Flag 10 controls a
display option, If F10 i5 set then the successive
approximations that the program calculates will be
displayed. In t+his manner:the ‘user may view the
progress of the 1terations. If F10 Is set and a
printer is connected the approximations will be
printed. . It F10.Is clgar only the final apprumtmuftnn
is returned In the X-register.

4) Spaclfy the 1ntegrand. The integrand represented
by the function f(x) must be programmed as a
subroutine In program memory which. starts with a
global label name and ends with a RTN or END
Instruction. Thls iabel name should be of six or less
characters and will be stored in R10. The input x Hndf”“
+he output fix)} are both assumed to be In the
X=-reglster. Since global label search beglins at the
bottom of program memory, when the f{x) subroutine is
In RAM it should ba loceted at the bottom of RAM,
Using a single character global label name will reduce
execution time. The fi{x) program should not use
registers R10-R29 or use flags F09 and F10,.

5) Alpha-store the gluhalulﬁhal name from step 4 (six
or less. nlpha characters) in R10.

6) Enter Ilmlfs uf Iniagru+lnn.' The lower and : upper
|tmits of Integration, a and b, respectively, are to

-ba keyed In as a ENTER! b so that 3 Is keyed into

The T-raglsfar and b is kayad In Tha I-ruglsfer.

Key XEQ .3 c LK Frugrum
executlon wlll commence, and If F10 is sa'l', the
consecutive approximations w111 be displayed. .If a
printer Is connected and turned on the approximations
The final approximation wili be. left
in Thn x-ragfstar -hnn ‘the pragram ends.

MORE EXMFLES or I

1-

Example 2: culcul;m'-'[ 1724
| 0

1. Select SIZE 03C. T
2. Select a display mode of SCI 4.

3. Set flag F10 to VIEW The approx imations.
4. Key In" fhu fnllauing rnuflna for ftxl

PPC ROM: U'SE‘F!S-‘?“MﬁNU#I;
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5. Ha? “FIZ" in the alpha’ reglsfnr and ASTD 10

6. Koy In the Iinits of Integration as 0 EHTEH{ 1)
7. XEQ " WER". | o

- The fnilaulng appruxlmafluns HIII ha dlspluynd.

EERRIES 28 v TR T 11 IS
ﬁgﬁg*TTﬂi., R
6.66567-01 - "
ﬁ"sﬁﬁ?-m'

.

The final answer Is’ rafurngd uftar about 23 seconds,

The Trua answer Is 2?5.

" = & w LW
] .

Ve L= & | - o -. : | 1 .. - | ; | ; : . -
Example 3: :Gal_cu'fl'q"m" I Csinlox) dx
. o 3e T

1. Salacf SIIE USﬂ.

2. Select a dlspluy mnde nf SGI 4 und salacf HADIHHEZ

_angle mode, :
3. Set flag F10 to VIEW the apprnulmaflnns.
- 4, Key ln ‘the fnl]aw[ng rauflna for f{x}.

LBL¥FX3
Pl
#
SIN

5. Key "FX3" In alpha and HSTD 10. .

6. Koy In the |Inits of Integration as 0 ENTER} 1.
7. YEQ "

The fnllnulng nppruulmaflnns wllt ha dlsplayad

~1.0000400
© 6,0355-01
6.3789-01
" 6.3660-01
" 6.3662-01
- 6,3662-01

The annI ansuur Is rafurnad affer ﬂhnuf 102 sacunds.
The +rue unswnr Is 2/7_

In the following examples only the nriglnal prublam
and the numbers uufpuf are. glvan.. R

Example 4: Caleculate S-; LN(x) dx . -

-6,931-01

-9.3531-01

‘=9 ,879=-01 .

=-9.972=01 - .

-5,993-01 . -

-9,998-01 .

4nmmn T e

Thﬂ upprﬂximn*u +|ma is 301 sacnnds Jn SEI 5. .

The true answer Is exactly ~1.

R

Exunpla S: Calculate '
| | xe1 LN(x)

2,8481-02
3.6106-02
3.6618-02
3.6519-02
3.6496-02
3.6491-02
3.6490-02
3.,6490-02

1 Cdx

Theé approximate +ime Is 402 seconds In SCI 4.

The frue ansver fo 7 declmals Is 0.0364900.

Exampla 63 Calculﬂfn -[- [x[#—x]]1;2 dx

3. 454!&162
3.15270628
3.14152977
- 3.14159373
3.14159265
3.14159265

The apprﬂmlmufa time Is 35 sacnnds In FIX 8.
Tha +rue answer I5 me. -

1/2

| P
Example 7: Calculate [ _600%sIn°(x)
IR + (4600 7)

12

" Remember to use RADIANS angle mode.

4.21808+01
1.75899+01
2.,13355+01
2,10986+01
2.11020+01
2.11020+01

dx

The approximate +ime Is 146 secorids In SCI 5,

The correct answer to 5 decimals 1s 21.10204

. R | 1 L
Exumpia 8: Calculate ]ﬁ BOS(LN{x)) dx . -
: | 5

Use RADIANS angla mode.,

7.692-01
4,563-01
.. 4.765-01
. 5.035-0%"
5.018-01
4.999-01
999-01

Tha apﬁruﬂimafe +Ima Is 213*secunds in SCI 3,
Tha frue answer 1s aexactly 0.5° 2

PP C ROM USERS" ’Hifﬁ-u-u AL"
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Example 9: Calculate J

The upprmlmﬁ 'I'Iﬁ ls 33 minutes and 52 seconds In

SCI

1.415+00
1.710+00
1.865+00
1 .934+00
{ .967+00
1.984400
1.992400
1.996+00
1.993+00
1.999+00
1.999+00

1

102 gy

3. The true answer |s exactly 2.

Example 10: Calculate ]-

The +rue answer is T/4,

8.6602540-01
7.8817657-01
7.8538244-01
7.8539845-01
7.8539816-01
7.8535816-01

1

0

(1=x

2}”2 dx

The approximate time is 85 secconds in SCI 7.

Example i1: Calculate: J

0.0000+00
6.6670-03
3.0827-02
2.3585-02
2.3850-02
2.3857-02
2,3857-02.

The approximate time Is 342 seconds In SCI 4.
The true answer to 7 decimal places Is 0.0238566

| 1
Example 12: Calculate: I [i1-x®)(2-x112 ax
fater | _ __

2.8284+00
2,2239+00
2.2033+00
2.2033+00

i

| x’ (1x

2)11’2

o (2=x)

-1

13/2

dx

The approximate time Is 29 seconds In SCI 4.

The true answer to 6 decimal places Is 2.203345

Exemples 4 Yo 8 above are taken fran Reference 8 and
are ® Copyright 1980, ‘Hew | ett-Packard Compan

Reproduced with permission.
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FURTHER DIscussioN oF I8

The ability of any numerical Integrator to determine
the definlte Integral of a function Is basically
duh_rmln_ud by: . T ' .

1. The behavior of the functlon over the
~ Interval of Integration. . . .

2. Thé selected numerical method.

3. The required accuracy of the solutlion,

Due to the above 1t Is not possible to fully expand In
thls documentation on the applications of §E or to
fully discuss the difflcultles that may arise. This
type of Information must be obtalned from books and
pubi Ications oh numerical methods. such as those given
In the References. .

However, References 3 and 8 would probably be the most

~ Informative on the Romberg numerical integration

‘method. |t was from those two References that the B
routine was born. In Reference 8, the thecry.

underlying the integrate function key on the HP-34C
calculator Is presented In qulte some detall.
Reference 5 describes the Romberg Integration
procedure, along with tha theory of many other
methods. An extensive bibl lography on the subject 1s
also provided In Refarence 5.

Reference 11 provlides highly val uable practical

Insight Into. the HP-34C Integratjon key function and
Its appl lcations. '

Mathemat!cal Background of [ER

The method underlying the program is due to Romberg
(Reference 1) and 1s essential ly an application of
Richardson's extrapolation procedure to the L
Euler-Maciaurin sum formula. Romberg was first to

" describe the method In recursive form. Commencing

with Improved midpoint rule estimates, the contInued
app| Ication of extrapolation To the 1imlt produces a
lover trianguler matrix. Although the columns of the
matrix converge to the solution, the diagonal elements
converge asymptotically faster than any geometric
series, or, superl|inearly. Program shut=off occurs
when +wo rounded consecutive diagonal elements are
equal. The diagonal elements M(k,k) are the values

displayed when flag F10 Is set.

Assuming that the number of divisions of the Interval
of Integration is increased by Improved midpoint ruje
estimates, one would assume that convergence would
occur when we made the number of Intervals high
enough. However, at some point, roundoff errors
eventually dominate and our effective accuracy
decreases, The Romberg method allows the simulation
of a high number of sub-intervals or divislons which
decreases the error, without actually Increasing the
number of sub~intervals. Thls process is called
extrapolation to the 1imit. :

Romberg Integration is iterative, automatic, and

non-adaptive, It is iterative in that It produces
Increasingly accurate estimates of the solution until

the convergence criterion s satisfled. I+ Is —
automatic in that the number of function evaluations TN
depends upon the behavior of that function over the
Interval of Integration. It Is non-adaptive In that

tunction evaluations occur at-a fixed set of points,
Independent of the function. - ;
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As the Romberg method successlively halves the .Interval:
of Integration to produce Improved midpolat ruie
estimates, 1t uses all previously compuied functlonal
evaluations at each stage., The retention of all
previously calculated functional evaluations Is a
significant aspect of the Romberg migorithm. .As the

function 1s evaluated at the center of each Interval, -
the end poinfs of the Intervals are not used as sample

points. Hence the endpoinfs of the Interval of
Integration, @ and b are also not used as sample -
points. This allows certaln improper integrals to-be
approximated. For example, LN(x) can be Integrated
over the Interval (0, 1] even though LN(O) 1s -

undef Ined. .

A refinement was implemented In the basic Romberg
scheme.
pariodic Integrands may sometimes cause a problem due
to resonance phenomena,
has been made non-unlform by a non—|inear -
substitution. Such a substitution was lmplnman-l'ad In
"~ the HWP=34C calculator . Integration key routine.

A complete discussion of the theory of Romberg
Integration 1s glven In References 2 and 5, Reference
8 provided the starting point for - and users .are.
urgad to consult 'rhn'l' work. : - -

FORMULAS USED IN Iﬂ

b
(1 ! =__[ F(x) dx
. a

There ara three steps to the solution of (1) using The
Romberg method.

A. Change of IImHs:

The Interval of integration [a,bl] Is changed to the
Interval [-1,1] by the change of vanuhIa. |

Let x = [(b-a)/2]#t + (b+a)/2, then dx = [tb-a}fﬂ]df
After substitution 1nto the rlgh-l' sidu nf {1} nnd
simpl ifying we have:

1
(2) | = [th-nle]*-[ f(C(b-a)/2]%t + (b+a)/2) dt -
-1

B. Introduce non=uniform sample polnts:

Equation (2) Is further refined by another change of
varfable which causes the sample points o be
non-uniform over the original interval of Integration.

Let + = (3/2)% ~ (1/2)%y",
then dt = {5!2}{1-u2}du

After substitution Irt1'n the rlghf sldﬁ of nquaﬂun {21
and some slnpl Iflcu-l-lnn we have:

(3 1 =

: ,
f{{¢h-u>f4]u:3-u21 ¢ (b4a)/D)01-u? You

Hba}w]
-1

PPC ROM

If uniformly speced sample polnts are taken, -

In- thils program the. samp| Ing..'-

Now a unlform distribution of sample. polnts In u over
the Interval [-1,1] will be transformed to a
non—uniform distribution of sample polnts x over the .
origtna) interval of Integration [a,b]. The Romberg

extrapolation procedure ts applied next to produce
elmn'l's of a matrix M(k,k).

C. Generating the Hnmbafg Illa-l-rIi:

(4) | = |Iml+ M(k,k)  k=0,1,2,3,...
k+ o
uhur#:l
(5) 4y = <1 + 27K
ifl‘.'ir]l__l.l_I u]_1_+2 | o
(7) %, = [(b-2)/4u, (3-u %) + (b+a)/2. =~
(8) $y = f((at0)/2)
Ky |
(9) 5 = 2 fx =02y + 8
9) 5 " | 1) ¥ Sk
. i |

(10) M(k,0) = [5(&-51!4]*2'kl5k
and flnallv

(11) Mk, ]) = Mk, J—1} + Mk, J-1) - H{k-I,J-Il]
a4

The elaments Mk J} form a 1ower 'rr!angulur matrix as
follows: -

M(0,0)

M(1,0) MC1,1).

M(2,00  M(2,1) M2,2)

M5,00 - M(3,10  M(3,20 M(3,3)

Mu,'ui' " COM(4,1) M(4,2) 'Hu,s} M(4,4)

Equation (11) Indicates that each element M(k, |) |
depends on the element Immedlately to its left, and on
the slement above the ona immaediately to 11s left.
Only the most recent row M(k,0), M{k,1), M(k,2),...
M(k,k) is stored in data registers R18 and up.

The program hﬁl‘l‘s when two rounded consecutive
diagonal elements M(k-1,k-1) and M(k,k) are equal.

¥hen flag FHJ is srl- “the first rusul'r to be- dlﬁpll'f
Is (4/3)*M(0,0)- ihrlll:h In fact is the element M{0,1).
Subsequent displays show M(1,1), M(2,2), M(3,3), etc.,
until convergence occurs. H{{l u] is nm' dlspllyod
The final display - Is M{k,k). -
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Anslysis of a numarrcul axampl&.

To further TIIusTrutB the Romberg mari'hnd ‘usied: 1w m:_

the evatuafion of the anuuTng func*l'lbn HHI ha o
described in dahﬂ[. Pl :

e
| = S (1-x2)1/2% gx = W14
) x = T4

= 7.853981635-01

The transformation from u t0 x is shown In Table 1, .
where |Inear samples in u, over the Interval (-1,1),
are transformed to non—-|Inear samples In X over the.
interval (0,1). For k=0, the first polnt Is u=0, at
t+he center of the Interval (-1,1). This then divides
+he Interval itn u Inté +wo new subintervals, (-1,0)
and (0,1}. The next iteration for k=1 samples u at
the center of the new intervals af -1/2 and 1/2,

k u . Xt 5 '
. : _ — {
11 -1/2, 1/2 0.15625, 0.84375 l

2 -3/4, -1/4% . 0,04297, 0.31641-
1/4, 3/4 0.68359, 0.95703
T}
3 | -7/8, -5/8, ~3/8, ‘|- 0.01123, 0.09229, 0.23193,
-1/8, 1/8, 3/8, | 0.40674, 0.59326,.0.76807,
TABLE 1

Transformation of u Into x

k Mk, 0}

[ Mk, M(k,2) | MCKk,3) |

0.64951905
0.75351219
0.77754585
0.78344255
0.784%0973

—

0.78B817657
0.78555708
0.78540811
0.78539879

{ 0.78538244

0,78539818 | 0.78539843 |
0.78539816 | 0,78539816

L Wby = O

M(4,4)=0,.78539816

_ TABLE 2
M Hafrl:-; Gﬂnerﬂﬂun

This process. Is continued, with u belng sampled at the

center of sach new interval. The sample polint in u is
then transformed Yo a sample puln1' In X h',' nqua‘l‘lnn
(7) as described previocusly. : I

The evuluaﬂﬁn of the M matrix Is shuun In TAELE 2
The elements M(k,0) are the improved mldpoint ruie
estimates; the almn-l-s M(k,1) represent the first.
aextrapolation, and In:fact -I-urn out to be.the values -
obtalned using Simpson's Rule [mprovements; the.- .
elements M(k,2) represent the second: ax*rupnlﬂ'rim,
and In fact 'I'urn out to be the values cbtained using -
the closed form, Newton-Cotes formula for five points.

224

el ements

An this:program 'I'he elemont M{0;1) 1s the first”
e|ement: cFISp[nrad 1f flag F10 Is se&t, but Is not used .
for any later catculations. -M(0,0) Ts not displayed.

’n‘hun FHI: E, SCI 5. or. EHG 5 dlspln".' modes ara used In
this- example, the program halts after [teration k=4
since M(3,3) and M(4,4) agree to slx signiflcant
digits. . The e|ement HH,H Is returned to 'tha _

’ K-reg[s-i'ﬂr as-. the ﬂnal solution..

U

'_ Cnrnver‘gnnca uf -

Bc&m&rganca occurs, and u:-ce-cu-'l'mn hul'rs, when two
'cansecuﬂvn rounded dlagonzl elements, M(k,k), are
equal. An advantage of the automatic Rmhnrg
Integrator is That -no decisTon has o be made ‘In
advance concerning the optimum step size. The
convergence criterion of EER
Implemented In the HP-34C. |In the HP=-34C the program
does not halt until three consecutive diagonal ..
agree to the desired accuracy. Due to -

| imited space, this criterion could not be I[mplemented
in the . . .For most integrals this
difference wil|l not be fhoticed, but ‘it Is possible .
that a few integrals evaluated by will halt
prematurely.

Tining Data

execution time Is malnly prapnrﬂnnul to 'rhe
numhar of times the f{x) subroutine is called.
However, it ls also proportional to the execution tTime
of the £{x) routine, .and the number of characters In
+the global labe! name of the f(x) routine. It Is also
governed by the locatlion of the f(x) routine global
label In program memory. The further the global 1abel
Is from the boitom end of. program memroy, the longer
the execution time. At the end of the kth
Iteration, the function f(x) uHI have baan called

Kk+1

22 o

times., The time for k Tterations In seconds is glven
gpproximately by:

Tk =1 + 3 4K + (0.735 +"|'I + ‘I'_I_}*{zh-F-I - 1)
wheres:. '

T, ="time to séarch and ‘locate the f(x)
global |abel.

'I'f. = time to execute 1'ha fﬂ-:l .r;nuﬂnn

Each new I'I'nr'aﬂnn 'I'EKEE as Inng as nll prwlnus |
terations. SIZE 030 will allow [terations up 1o
k=l1. The minimum +ime to complete thls many
l_:l'aru'rinns Is approximately one hour.

The execution t+imes given for all the prevlious
numerical examples were obtalned using a calculator

- which executed 500 "+" instructions In 15 seconds.
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- Routine Listing.For: C
— e ' REFERE FO
$2MBL B. - Sl o eeye I, H._Hnmlmrg, "\"amlnfut:h'l'u Humnrist:hn lnfngr'nflnn.“
a3 870 17 S a8 eT0 B - MJHSI{E VIDENSKAB. SELSI(AB., FORH, . (TRONDHEIM). 28,
MOy oreLnn | , 1935, .7 . .
B 4 - - st 18 | 2. F L. Bauer, 4 Ruﬂahuusnr, E.L Sﬂefal "New
w5 N 52 518 12 - . Aspects in Numerical Quadrufura,“ n EJ(FERIHEHTAL
9 SO 16 7 E - ARITHMET [C, " HIBH. SPEED: COMPUTING AND MATHEMATICS, -
9 5T- 17 . 54 61+ 11 pp. 199-218;  American Mathematical Sut:la'l'y, |
18 5T- 17 SSRCLIS . F'rc:rvldanm Hm-da Isiand. 1965. L
11, - 5 RCL 16 - .
12 ST0 15 5715 . 3. E.L Stlefel; AN- INTRODUGTION TO NUMER ICAL. -
13 STH 1t . e MATHEMAT ICS, Academlc Press, New York, 1963.
3 14 ST0 18 sog o R |
- ._-iﬁ'EFLﬂzl- . ! 58 RCL 14 Al ﬂﬁrmrfz and *sragun. Hmﬂaﬂ-c uF H.H'IHEIILHT‘IIIHL -
}g“ﬁ' ,' e . -aﬁﬂér; STHONS;, - Natlondd “Bureau iof 5+nndﬂrds, npplra¢;
'8 2 624LBL 84 H&'I"halhﬂ'rlcs ‘Serias, No. 55, 1964 -
63 Rt:
il M4 5. P. J..Davis and P._Rabinowltz, METHODS OF - -
- s " NUMERICAL INTEGRATION, A:udamlc Press, Hau York,
SR 66 ENTERT - .1975 s
.Eg._';“_ o 7 BEY . T B L
23 51+ 14 B8 X I - TR
" E 9 DIEERY .- - ﬁ J_-_::hn Kennedy, F'F'C Journal, .¥ﬁHEP1§, Au.gusf TQTT.-
- ey 7. Irving Allen Dodes, NUMERICAL ANALYSIS. FOR -
stz " BHB- ~~ COMPUTER SCIENCE, North-Holland, New York, 1978.
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Ke o 31 STO THD. 12- 0 -, November 1980. |
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39 XEQ-IND 18 " Hew!lett+-Packard HP-34C Calculai'nr,
" : M FS 69 Hewlett-Packard
48 RCL 13 25 ETD B . e m ﬂr- Gﬂ'pﬂn]'- .
i1+ BG BHD .
42 5T+ 19 B7 Xar? i .
$QE 88 GT0 &1
44 RCL 12 B9 [RSTY
43 RCL 14 99 RTH - o
- k2] CONTRIBUTORS HISTORY FOR IB

B Samral mmarlcal In-l'ugra‘l'lan mﬁ'l‘hudﬁ are In popular .

use today. References 5 and -8 prﬂvlda Insight Into

LINE BY LINE ANALYSIS OF m LRI L " "the performance |Imltations of some of these methods.
- Other. methods may be faster. than the -1terative Romberg
. method, but the Romberg method Is very efficlent In
_ that it uses all previously caiculated estimates and

1+ 1s autometic -1n the sense that step-size

.Llnus 01-10 Tnﬂulizu 'I'ha i;rrogran by shring 'I'hn :
constants (b-a)/4 and {h+a].~"2 In RIE and J:t1'.~lr Wl
B r&spﬂcﬂvuly.

| '_Llnas 11-14 inltalize Sk' k, and H{R k) ‘for k=0, ‘propogation is reduced by the matrix calculation -
' . ‘__-prncadurn whlch In furn greaﬂ'f spaads r:unvergance. .
- L[nu 15 is usad ‘|'EI' fnn::a the- program 'I'c‘: run’ 'I'hrﬂugh ﬂ'l'

. |gu_-.~,+ two: '|"|'g-r,.’|’[gn5_ 553 alsu::- ”“95 54 -and 55‘.__ _Uslng Fteferanc:as 5 and El Raad Prn-dnnra {EIEHJ producm:l

07 a very. efficlent, cumpau.:'t and e!egant HP~41C -program
ﬂnd_ *[-h,a E.I"Ep 5119 2'(-] ) ¥ {REfBant:Eim UEIng 'I'hE I"'ﬂrﬂ"'l'l'ﬂ Rmh‘ﬂrg mﬂhﬂd. .
SR 'Therr program was almost Identical In functlon to the
-routine underlylng the Integrate key.on the HP-34C
catculamr as described In Rnfernnce B. The: Hﬂfer&nce
ID pragrun fcu'mad the bas!s tor | ' -

- L[na5 16-25 calculufu uﬂ
Lines EE—_J_IB-.cu._I.:iIIu'rH H' HTne SB} f[x"l {]Ina 39}
.:_:rl_d_Sk {(ilne 42), - - | _ .
“Lines 49-61 calculate H{h',ﬂ]"_."'.' © '
L = SR L : L e | ,Jnhn Hunnedy I[EHB]I raduc:ed 'I'he progr'um slzu to |ts . .
. Lines 62-80 calculate M(k, ). T _' - ¢. final form. “Harry Bertucell! (3994) suggested .
c - A .+ = " .reglster usage to allow [E fo be used with sy
Lines 86-88. are the exit 'I"Es'l'. The’ muﬂnu unds ‘when'  The documenta+ion on. [l was wrltten by Graeme Dannasl
. two mnsecuﬂvu rounded npprc:xlnaﬂnns are uquul. 1. '{1757) -after proof reading by Read Predmore (5184).

' o 'Thanks-'l'ﬁ-"*l'_h’# Hewlett=Packard Company for ‘allowing tha |

- "-'.Llnas EQ-QIJ l‘ﬂ:ﬂ” -t'he Hnnl apprnxlmaﬂnn and hnl'!' rapl‘*?d“ﬁ'.tm" ‘of numerical examples from Reference 8.,

_tnformation does not have to._be. provided. : Msn, error . - |



FINAL REMARKS FOR )

By adding some qnhancmﬁn-l-s ﬂ could be Improved to
make the procedure more closely fit the compiete

XROM: 20, 09

TECH" | [: AL DETAILS

SIIE: 030 minlmum

!

=
I Execution Time: gee 'EE documentation for

method used In the HP-34C, the first calculator to Y
have an Integration routine as 2 bullt=1n functlon. Stack Usage: | Flag Usage;
- Spead is also an area of nquud I_nprw_an_!an_'r. » T: used | 0a: not used
_ _ L ey - 1 Z: used 05: not used
FURTHER ASSISTANCE ON I LY: used 06: not used
Read Predmore (5184) phone: (413) 367-9513 a'X: used 1 07: not used
Graeme Dennes (1757) phone (415) 592-2957 evenings * L: used - | 08: notT used
| - | Alpha Register Usage: 09: Y584, I dgrce two
s M;: not used - | 10:set to display
No TES & N: not usaed approximations
o S 7 0: not used _
a p: not used 25+ not used
Other Status Rg:i*isters: Display Mode:
o Q: not used SCl .n  recommended
= 10.}: hot used
11 a: hot used | Angular Mode:
12 b+ not used not used, but may be
' ' required by function
13 € not used
B 1% d: pot ysed Unuysed Subroutine Levels:
”_'E: not used 4 |
SREG: not used Global labels Called:
Data Registers: - IDirect Secondary .
R10: functlon LBL name {EECH‘:EW
R11: k = counter |
R12: 1.II 2 J
R13: 1 - U
R14: delta u = 21*
R15: Sk |
R16: (b-a)/4 Local Labels In This
R17: (b+a)/2 Royting: |
R18: M(k,0) - B, 0t, 02, 03
R19: M(k,1)
R20: M(k,2} -

detalled tIming Information.

Peripherals Required: none
(printer recommended)

Interruptible? vyes Other Comments:

Execute Anytime? no
Bytes In RAM: 131 .

Program File:

I Regiﬁters To Eupy:' 43
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X<>r0, X<rN, X¥<¥*M, RDN, RTN uses only 17 bytes... Any advance?
Notice that these won't replace my original alpha slicers, which
were designed for use in right-justification for printing, and
placed an alpha space in Y, with the removed RH alpha character in
X ready for a space detect conditicnal. See PPCTNVIN3IP36, and ditto,
N5P48.) How about one of these for 24 -or even 28 characters? For
that one may, in the manner of a compact with the devil, not so much
sell one's soul, as blow one's stack - and on that note, forget the
stack in this last routine, sacrifice X, and reduce the bytes to I5. RIS'
Better still, don't call it a5 a subroutine at all, and then we are

down to 13! (When I was guite small, SIZEd about @#J8, the fad was to ( N

A year ago bug 2 was the only one known. Bill Wickes found RAM module
pulling, Keith Jarett above adds ROM module pulling, and below (I hopel,
there is the wand method discovered (where else?) here in January by our
youngest member, Tony Burton, who seems well on the way to becoming our
local wand expert. Jim Trainor, of course, can do it in & twinkling flash,
but it is not certain that all 4lc's respond in the same way to his kind
of handling.

chew every byte 32 times. The compulsion comes through in one's dotage.) HP-41 DOUBLE ] NTRGRALS
¢the last observation, helping to fill this page, amongst :

other things. Using this method of shunting the alpha register contents
to the left leaves the way open to control of the number of characters
sliced from the right, and also, possibly, alters the number that will HP=l1 DOUBLE INTEGRALI
be lost from the left. (Two of the normally usable 24, remembering that Troest (L510) Gibbs
one can use 28 with care - see PPCTNVINIPp.36-40.) If lines 03 and 04

in the second revision above are reversed, and the FIX 4 is changed to This routine mumerically integrates the double integral

FIX IND X, entry with 3 in X will slice two characters of 23 in alpha

fonly one of 24 would be lost from the left), entry with 2 in X will I = r]- il F{I.r] dx dy
o Yo

slice 3 of 24, 1 in X slices 4 (but may add a junk byte from P on the
left), # slices 5. Add then & CF 29, and a zero will slice 6 {and add
two junkies with pinky leanings). 7, of course, is easy: have a flag
test bafore the ARCL X. When false, 7 characters, perhaps shady,
disappear from the face of the 4ic...

using s method of adaptive quadrature. The Toutine is
suitable for peaked or unbounded integrands, but remsins afficient
for wll-bshaved functions.
Alpha McGechie (CFCJH

Method

A small town country newspaper had the (bad)}) habit of
Filling up the foot of its columns with things like: This line fills
this space. We know rather better: we say *"This space fills this line®.

To evaluats I, the limits of integration are first changed
to O apd 1 by changing wariablas,

*Fortunately for the State of our Art, this is wrong! Figurecut what, I = t £ gl{x,y) dz dy
what is the truth, and then find a use for what you then know. Solutions
to be found In TN#7. e with Axe= 11-10 , By = J’l-rn ’
and g(x,7) = F(xyx.Ax, y5*¥.47 ) .
The integration is then accomplished by application of
BUG 9 COMMENTS the formula,
+h h 2
COMMENTS ON BUGC 9 Charles Close {3878} f_h L glx,y) dx dy =2 l'-;- Eg{-,b} + g(a+h,b+h) + gla+h,b-h)
Sometimes one of the things we are trying to do here in . + g(a-h,bh) + g{a-h,h*hﬂ
Melbourne, really works. For the last few days, I have been .bamha,rded ..
with letters (3, actually) from Charles. Yesterday's arrival, ma_.:led The formils is exact if E{liﬂ s any po of
on March l12th, contained this valuable increment to our callez:.w.; degree lass than four. lynoxdal
knowledge. Keep up this way, and we will even be able to use g
for samg usefu? pf:rpase! :rg charles' opening remark you should add First apply (1) with a=b=h=0.5 . This gives an e
congratulations to Valentin Albille (remember him?!), whose indep- approximate valoe for the integral. Then subdivide the
endent discovery and exploitation recipes for bug 9 appeared in TN square into four ler squares, as shownm, 50, 91, 52, and 53.
#5. (Some of that had to be PRIVATE, for reasocns given there. ) Y
I have a note from somecone else, but have for the moment lost the 1
raference (I don't have CONTINUOUS MEMORY, and sometimes suffer from 5‘ 5;
MEMORY LOST when I emerge from SLEEP MODE), that placing a global label
at the top of the first file of program memory, stopping at that, and Sl° S:.
executing DEL ¢l will delete it and achieve the Sﬂﬂlﬁ'ﬂiﬁ a;"ci;:rles : %
describes below. This is implicit in Valentin's article in .
e’gee p.36 near the foot.) nge of Charles' observations are guite Then apply (1) to each of the amallsr aguarss with h=+ , add the
new, and even if there was nothing here not already in print, it results and substituts for the original contribution from Just
would still be worthy of appearing, if only for his characteristic, 51 to obtain a new approximate integral I,. If the chnnﬂthzﬁl
individual way of seeing and presenting these things. is too large, mbdiﬂdl& into four pgrts and repeat
s=s. This process 1s tinusd until sither the desired
Congratulations to Mark MacLean, #5519. His discovery accuracy is obtained, or a presst munmber of subdivisions, called
of bug 9 provides a excellent sclution to the vroblem of LSVEL, is reached, At this point we subdivide no further, but
gaining access to the H-P 41C user key registecs and status return to the remsining squares of varying sise, on each of which
registers with a bug free (?) calculator. Furtier examination the whols process is repeated.
of this bug reveals that Master Clear is not necessary to This "adaptive” process means that many subdivisions
gain access to the user key and status registers. The critical are used in regiona of singularities in F(x,y) , and fewer
parameters are the address of register zero (@@) and the aubdivisions in regioms of good behaviour of F.
location of the permanent ".END.". The desired accuracy should be able to be selected from
To gain access to the user key and status ra?isters.l aither of absoluta { lIi. - Ii—ll ) or relative ( I(Ii - i-lmi-l )
place a ﬂEHD":' at the beginning of the program registers, Just . scns with the previcusly ¢ ted inmtegral valoe,
before the first step of the first program in memory. Hext, Hﬁt-mthlt SRS G U llmlllm s 2 1F the valus
execute "CAT 1", stop the listing at the previously inserted Yy may talna
"END" with PRGM mode on and proceed with the instructions in of LEVEL is too small. On the other hand, if LEVEL is too large,
PPCCI VTNOP25 starting with DEL @@l. Access cannot be gained computation time may be exceedingly long.
if any paut of the reglsters allocated to program, the space
between the data register zero {(@@) and the permanent ".END.", ' b ’
occupies machine register hex 111. In this case the program a+h brh (x.7) dx
pointer goes to RAM address Pl12 (Displays step at RAM address j. L ElX,TY dr .
6111) after the first DEL @#@l. If the permanent ".END." 1is at
a address greater than register hex 1lll, the program pointer for a singularity about the point (a,b) . The les
will go to the first byte in the user key reqgisters after the which follow should illuatrate this. SXRID
first DEL @F1 (GTO .PPl not required)}. If the address of
register zero (@@) is less than hex 112, then the rema_.ininq - 1es
instructions in PPCCI VIN9P25 apply, i.e., DEL 2@l twice and _ﬂ'— e e TSt T (T (s ) (P T (o
.PRL. ,
ore :gw users without the Card Reader and/ocr Wand need not give an indication Ef the times for execution for wvarious values
lose programs in order to gain access to the user key and of LIVEL and FIX. Examples 1. and 2. are well-behaved, whilat
status registers if no synthetic instructions are loaded. 3. has sn infinite singularity at x=y=0 .
Users without memory modules need not lose programs while 1. Pix,y) = x+y xg =1
accessing these registers since the address of register zero =9 (sxactly) Yo = 2
(@9 cannot exceed hex PFF, _ x 7 =3
Congratulations again Mark, you did what I would like to ) - ) - o x3)
have done. CHARLES CLOSE #3878 » Y ;r.r.':n; :I:,'I'!.:II P o
- 2
We now have several bug 9 ways of gaining access to Status from scratch. /r n=7n-- 1
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=1n Lk :‘D-rﬂ-n N
:1'71'1 !ll-_ _
E 5
The tabls below lists the results. = -
p— P_ .
Exanple | Known valus | PIX |error|1ovaL | cale. valus | Time | Q= =
t (mins) o= T
2 [0.202642367 | 3 | red | 5 | 0.202662 17 |

| 3 Jabs| 5 |o0.2027 13 "
3 |1.3862%436 | 3 fabe | 5 |17 2l w= =
2 | abe : 1.379 |12 Q- -
abs s = =
|3 || @ fims [» | =S =
Description of progras z: $J

in R1j before sxecution) at ]
lines 11 to 15. The initial integral I3 is calculated from lines "OI* Deshls Integrals by adepiive quadraturs m“:"i‘:“’:‘
16 to 21 and stored in Bog at line 22, LEL 10 (lines 11 - 145) [eterBL -pI-|33eLmBL @1 [67 RCL 93 LOF TNT | [134 sTe
oomputes the integral function (1). o cro @8 |37 ST+ ¢ 69 = 182 E1 133 FS°C 04
For subssquent subdivisions the intsgrals are computed a4 - I8 ISC IND ;T A 1:3 ; :;g ﬂgﬂ lg__'
at lines 25 - 55 , with the accurscy comparibon being made at line :: 31? -:.B 39 GTO .“”;-z RTH 183 x<>¥ [138 GTO 11t
L4L9. 1BL 08 at lines 73-113 calculate the appropriate h, a, and 7 STO @7 |48 RCL [ 186 YTX (139 RCL @2
b for the current subdivision. The information concerning the E: 10 @9 |42 Rt |7a kel 11 1 e aafidY Red
current stats of subdivision is stored in & cascade of indices i@ RCL 11 |#3 - 7S INT 189 STe 2 |142 ~
} 2L 143 RCL ~
in registers snd upwards. Each index varies oyer the range L &3 :; 'Eﬁ':. 77 . {11 STO Q4148 = l
0t 3, A1 this seems wastaful at the moment, it is 12 12.@11 |46 ST- ¥ 78 STO ; ::; ;;';'r“ 14% RTH
intended to expsnd the program to evaluate tripls integrals, and 14 * 0 11 |eo RuD o8 576 3 1464LBL 14
this approsch will be useful then, 16 .5 49 X=@? 81 € 114+LBL 18147 RCL @9
upon the ?E:i of L::.":EL u]::.d 3:: = 11 + IEVEL 1,‘39:‘: :; g:g :§ g? ?:E:“z 3% EE;E:: ::; : :;; :l:L a7
' ‘ 19570 es sz ero wm | o 1T S, L (132 3ve ee
SDE = 12 + LEVEL 21 xea 1@ |33 1SG 11 |85 RCL IND |I19 SF @3 152 XOv
22 STO @3 |34 GTO @9 ~
T 120eLBL 11[154 »
Using the progran IR i EE éEg o [121 sF wa[s33 ree oo
1) The ntegrind funetien it bave Vien VRSV gecgu o0 [BTRETL o3 B1w, iz i Sio e
written and stored under a global label. It ia E; aﬁ’m gg _* 3? ST+ Z 124 RCL 92{1S3 XEQ IND
sxscuted from "DI"™ with x in X reglster and y in Y. 11ls®@ 15c WD |92 FSs? @7 |12% FC? 83 B
Thezs are also availabls in Rgg and Ey respectively, 2e Fsec o1 | Sl Sue 126 CHS  JieR EwD
If the function requires intermediate storags, the 22 See 11 le2 svo 11 93 Gro @9 128 RcL @3
“ﬂ.t::; r" Bpax are avallable, as well as the ;; ;:;n 28 f ;tf:;-'r? 97 RCL ) 138 FC? 94 :-Ez'n-'“
) TR as reauimed (322 o 1 D B e ST H e
2 SIZE as required { 3 12 + LEVEL )
3) Within the calling prograsm, or bafore sxscution, store
the £ ] information; ’ (R/S]
i clesar flag 00 according as whether
absolute/relative accuracy required; T I P

H.} ASTO function name in Rog;
1ii) FII %o appropriate mmber of decimal places.
"DI® attempts to achieve the integral correct
to the FII setting;
iv) wstore IEVEL, the maximm number of subdivisions,

in registar Ryy} 2 Retric Conversion Chart Program
v) ﬂminthtﬂnkﬁilmnn!inugﬂﬂnn, 1 erd Lolie - iz
in the ordar :Ufllfrﬂfrﬂ Kid & Phill Jury (S5484) — The — — :
vi) IEQ "DI". Synthetic Text Labourer, ﬁ:i:-:“-‘ - AET
- £, L=
Il} The evaluated intagral is retarned in the I “ﬁl“r. an This program will produce sny conversion ::3 _‘;‘? T
well as in ths user reglster Rc. chart starting st any point & finishing N Y
The selsction of an sppropriate FII and lavel can alter the ::‘m;u:nt::::n:.it:mmnimm:::;n; ::. *! e i -
sxscution time enormously, as well as affecting the accuracy of ths incremsnt at sny point in your reguired f -
result. Nota that ths smallest valua of h which will be used is chart, To this point we have mads up R Qi s
K = 1 /! ?{I.E‘III. + 1) subroutines to produce the following LN BN
charts: 4 <LE -
and that this will result in the iteration effectively 1« Inches — milimatras -'3.% LB :
throwing avay an amount given by 2, Feet = Metres (3.1 BB s
3« Yards = Matres L2 B 4R
4, Miles = Kilomatrasa -12,2 .8 S4B
5« Celsius - Fahrenheit 5.7 ca @ odlB
5, Calsius — Kelvin Wa Ge.¥
T« Ouncas = grass ... ah,§ 185,
B. Poundas - Kilograms 19,8 1
9. Tons = Tonnes L bi,. 8 142.8
- 10, Stons = Kilograms . L A
C _ 11. Fluid Dunces = mililitras 26, et NN
W= - 12, Pintes = Litres i We 1% F
o — - 13, U.S5., Gals = Litres iT.5 17 R
= - 14, Imp. Gals = Litres B
E - - Any sember wanting a copy of the abova By, T _
J= = program & subroutines, please contactg AWD '
o - | Phill Jury on 509 - 0155 A.H. REOLLET™, -0
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